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1. Introduction and terminology
A topological space (X, T ) is called ﬁrst countable if every point x ∈ X has a countable neighborhood base. Under the
Axiom of Choice (AC) equivalent formulations of the latter deﬁnition may come up. In this direction, Gutierres [3] provides
the following three versions of a ﬁrst countable topological space (the ﬁrst one being the above deﬁnition) which are
equivalent in ZFC set theory (i.e., Zermelo–Fraenkel set theory plus the Axiom of Choice AC). Let (X, T ) be a topological
space. X satisﬁes:
(A) if (∀x ∈ X) (∃B(x)) |B(x)| ℵ0 and B(x) is a local base at x,
(B) if (∃(B(x))x∈X ) (∀x ∈ X) |B(x)| ℵ0 and B(x) is a local base at x,
(C) if (∃(B(n, x))n∈N,x∈X ) (∀x ∈ X) {B(n, x): n ∈N} is a local base at x.
It is evident that in ZF (i.e., Zermelo–Fraenkel set theory minus AC),
(C) ⇒ (B) ⇒ (A).
In Proposition 2.10 of [3], the author establishes that the equivalence between (B) and (C) is not provable in ZF and he asks
whether the equivalence between (A) and (B) is a theorem of ZF. The aim of this paper is to show that the answer to the
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well as their set-theoretic strength in terms of weak choice principles.
Deﬁnition 1.
1. The axiom of choice (AC): Every family A of non-empty sets has a choice function, i.e., a function f such that f (x) ∈ x
for all x ∈ A.
2. The axiom of multiple choice (MC): For every family A = {Ai: i ∈ I} of non-empty sets there is a function f such that
for all i ∈ I , f (i) is a non-empty ﬁnite subset of Ai .
3. MC(2ℵ0 ): MC restricted to families of continuum sized sets.
4. MC(ℵ0): MC restricted to families of non-empty countable sets.
5. ω-MC: For every family A = {Ai: i ∈ I} of non-empty sets there exists a family F = {Fi: i ∈ I} such that for all i ∈ I ,
F (i) is a non-empty countable subset of Ai .
6. AC(ℵ0): AC restricted to families of non-empty countable sets.
7. CC(ℵ0): AC(ℵ0) restricted to countable families.
8. DC(ℵα): Given a relation R such that for every subset Y of a set X with |Y | < ℵα , there is an x ∈ X with Y Rx, then
there is a function f : ℵα → X such that (∀β < ℵα) { f (γ ): γ < β}R f (β).
9. The principle of Dependent Choices (DC): DC(ℵ0).
10. A linearly ordered set (L,) is called conditionally complete if each non-empty subset of L with an upper bound has a
least upper bound.
11. A linearly ordered set (L,) is called separable if it has a countable dense subset.
12. The Ordering Principle (OP): Every set can be linearly ordered.
2. Main results
Before proceeding we would like to point out that the independence results of the forthcoming Theorems 2, 4, 9,
and 10(iv) can be established using the forcing method of constructing symmetric models for ZF. However, for the sake
of simplicity and for the reader’s convenience we shall use Fraenkel–Mostowski permutation models for ZF0 (i.e., Zermelo–
Fraenkel set theory minus the axiom of regularity). Since it is fairly easy to build the forcing analogues of the forthcoming
permutation models, we refer the interested reader to Jech’s book [2] on Cohen models in which AC fails.
Theorem 2. There is a model of ZF0 in which there exists a topological space (X, T ) which satisﬁes (A) and the negation of (B).
Proof. We describe a permutation model (N ,∈) as follows: The set of atoms is the set A = ⋃{An: n ∈ ω}, An =
{an,x: x ∈ R}. The group G of permutations of A is the set of all permutations on A which are a translation on each
An , i.e., if π ∈ G then π |An (an,x) = an,y+x for some y ∈ R. The normal ideal I of supports is the set of all ﬁnite subsets
of A. Let (N ,∈) be the resulting permutation model which is determined by G and I . A can be linearly ordered in N by
requiring an,x <∗ am,y if n <m or n =m and x < y. <∗∈ N since it has empty support, i.e. every permutation ﬁxes <∗ . Let
{∞n: n ∈ ω} ∈ N be a set of distinct elements which is disjoint from A. For every n ∈ ω, let Xn = An ∪ {∞n}. We extend
the order of An to Xn by declaring that ∞n is less than every member of An .
For each n ∈ ω, consider the collection
Tn =
{[∞n,a): a ∈ An
}∪ {∅, Xn}.
Then Tn ∈ N , since it has empty support and Tn is a topology on Xn . For the latter assertion, it suﬃces to show that if
M ⊂ An , then
UM =
⋃{[∞n,a): a ∈ M
} ∈ Tn,
since the other two requirements for Tn to be a topology are straightforward. There are two cases:
(1) M is not bounded from above. Then UM = Xn ∈ Tn .
(2) M is bounded from above. Let m = sup(M) be the least upper bound of M . Note that m exists since An is order
isomorphic to R in N . Then UM = [∞n,m) ∈ Tn .
Thus, Tn is a topology on Xn as required. Let (X, T ) be the disjoint topological sum of the family {(Xn, Tn): n ∈ ω} (i.e.,
O ⊂ X is open in X if O ∩ Xn ∈ Tn for every n ∈ ω). It can be readily veriﬁed that X satisﬁes statement (A). However, (B)
fails for X in N . To this end, we establish ﬁrst the following claim.
Claim. In N there is no function f on ω such that for all n ∈ ω, f (n) is a countable subset of An.
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and am,x,am,y ∈ f (m) with x < y (without loss of generality assume that | f (m)| > 1). Since f (m) is a countable set, we may
pick a real number z such that x < z < y and am,z /∈ f (m). Consider the permutation π on A which is the identity on each
An , n =m, and π(am,w) = am,z−x+w for all w ∈R. Clearly, π ﬁxes E pointwise, hence π( f ) = f . However, π( f (m)) = f (m)
meaning that f is not a function, a contradiction. This completes the proof of the claim. 
Now suppose that (B) holds in N for the space (X, T ), so let for each n ∈ ω, B(∞n) be a countable local base at ∞n and
Fn = {a ∈ An: [∞n,a) ∈ B(∞n)}. Clearly, Fn is a countable subset of An for each n ∈ ω. Then the function f = {(n, Fn): n ∈
ω} contradicts the result of the above claim. This completes the proof of the theorem. 
From the proof of Theorem 2 we immediately deduce the following result:
Theorem 3. ((A) ⇒ (B)) implies the choice principle: For every family A = {Ai: i ∈ I} of separable conditionally complete linearly
ordered sets there exists a function f such that for each i ∈ I , f (i) is a non-empty countable subset of Ai .
We show next that ((A) ⇒ (B)) is not a weak axiom since the subsequent theorem establishes that the principle of
Dependent Choices DC does not imply ((A) ⇒ (B)) in ZF0. Moreover, we show that if ℵα is a regular aleph, then for every
inﬁnite cardinal λ < ℵα , DC(λ) does not imply ((A) ⇒ (B)) in ZF0. This is also the case for ((B) ⇒ (C)) as the forthcoming
Theorem 9 clariﬁes.
Theorem 4.
(i) If ℵα is a regular aleph, then there exists a permutation model which satisﬁes DC(λ) for every inﬁnite cardinal λ < ℵα and the
negation of ((A) ⇒ (B)). Hence, DC does not imply ((A) ⇒ (B)) in ZF0 .
(ii) None of ((A) ⇒ (B)) and ((B) ⇒ (C)) implies DC(κ), κ an aleph, in ZF0 .
Proof. (i) We describe a permutation model (N ,∈) as follows: The set of atoms is the set A = ⋃{An: n ∈ ℵα}, An =
{an,x: x ∈ R}. The group G of permutations of A is the set of all permutations on A which are a translation on each An ,
i.e., if π ∈ G then π |An (an,x) = an,y+x for some y ∈ R. The normal ideal I of supports is the set of all subsets E of A with|E| < ℵα . Let (N ,∈) be the resulting permutation model which is determined by G and I . The set A of the atoms can be
linearly ordered in N by <∗ (see the proof of Theorem 2 for the deﬁnition of <∗). We may work as in Theorem 2 in order
to construct a topological space (X, T ) such that X satisﬁes (A) and the negation of (B). Therefore it suﬃces to show that
DC(λ) holds in N for every cardinal λ < ℵα .
Claim. If λ < ℵα and f is a function on λ with values in N , then f ∈ N .
Proof. For every μ < λ, f (μ) has a support Eμ such that |Eμ| < ℵα . Since ℵα is a regular cardinal, it follows that E =⋃{Eμ: μ < λ} has cardinality less than ℵα . Furthermore, E is a support for each f (μ), μ < λ. Thus, for every π ∈ ﬁx(E)
(= the pointwise stabilizer of E) we have that π( f ) = f , hence ﬁx(E) ⊂ sym( f ) (= the stabilizer group of f ) and f ∈ N as
required. 
By the claim we immediately deduce that DC(λ) holds in N for every cardinal λ < ℵα . This completes the proof of (i).
(ii) We recall ﬁrst the description of the second Fraenkel permutation model N2 in [1]. The set of atoms A is countable
and partitioned into countably many disjoint 2-element sets An = {an,bn}, n ∈ ω. Let G be the group of all permutations on
A which stabilize each An , i.e., π [An] = An for all π ∈ G and for all n ∈ ω. Let I be the normal ideal of all ﬁnite subsets
of A. Then N2 is the permutation model which is determined by G and I . It is well known (see [1]) that N2 satisﬁes
the axiom of multiple choice MC, hence by the subsequent Proposition 5, N2 satisﬁes both ((A) ⇒ (B)) and ((B) ⇒ (C)).
Furthermore, the family A = {An: n ∈ ω} is countable in N2 and admits no choice function in the model (see [1]). Thus,
the family B = {An × ω: n ∈ ω} has no choice function in N2 and consequently CC(ℵ0) fails in N2. Consequently, for any
inﬁnite well-ordered cardinal κ , DC(κ) fails in N2. This completes the proof of (ii) and of the theorem. 
Proposition 5. ([3])
(i) ω-MC implies ((A) ⇒ (B)).
(ii) MC(2ℵ0 ) implies ((B) ⇒ (C)) and ((B) ⇒ (C)) impliesMC(ℵ0).
Theorem 6. ((A) ⇒ (B)) does not imply ((B) ⇒ (C)) in ZF0 .
Proof. We recall the description of the permutation model N53 in [1]: The set of atoms is the set A = ⋃{An: n ∈ ω},
An = {an,q: q ∈Q}. The group G of permutations of A is the set of all permutations on A which are a rational translation
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of A. N53 is the resulting permutation model which is determined by G and I .
Each An is countable in N53 since {an,q} is a support for the enumeration {(r,an,r): r ∈ Q} of An for any q ∈ Q.
Furthermore, the set A of the atoms can be linearly ordered in N53 by <∗ (see the proof of Theorem 2 for the deﬁnition
of <∗) and it is known (see [1]) that the family A = {An: n ∈ ω} does not admit a choice function in N53.
Claim. ω-MC holds in N53.
Proof. Let U = {Ui: i ∈ I} ∈ N53 be a disjoint family of non-empty sets. Let E be a support for U . Then U =⋃{O (Ui): i ∈ I}
where O (Ui) = {φ(Ui): φ ∈ ﬁx(E)} is the ﬁx(E) orbit of Ui . For each i ∈ I pick an element ui ∈ Ui . (The function i → ui , i ∈ I ,
is in the ground model in which AC is valid.) For each i ∈ I deﬁne f (Ui) = {π(ui): π ∈ sym(Ui)} and f (φ(Ui)) = φ( f (Ui))
for every φ(Ui) ∈ O (Ui). The function f is well deﬁned since if π ∈ sym(Ui) then π( f (Ui)) = f (Ui). Furthermore, by the
deﬁnition of f , for each i ∈ I , f (Ui) is a non-empty subset of Ui and E is a support for f . We show that for each i ∈ I ,
f (Ui) is a countable subset of Ui . Let F be a support for ui and let n0 = max{n ∈ ω: F ∩ An = ∅}. Note that if φ,ψ ∈ G
agree on F , then φ(ui) = ψ(ui). Therefore, f (Ui) has cardinality at most the cardinality of the set of the equivalence classes
under the equivalence φ ∼ ψ iff φ(x) = ψ(x) for each x ∈ F . Since the latter set has size at most |Qn0+1|, it is countable.
This completes the proof of the claim. 
By Proposition 5(i) we conclude that ((A) ⇒ (B)) holds in N53. We show that ((B) ⇒ (C)) fails in N53. Let
{∞n: n ∈ ω} ∈ N53 be a set of distinct elements which is disjoint from A. For each n ∈ ω, let Xn = An ∪{∞n} be the Alexan-
droff one-point compactiﬁcation of the discrete space An . Let X be the disjoint topological sum of the Xn ’s. It can be readily
veriﬁed that X satisﬁes (B). However, X does not satisfy (C). Assume the contrary and let for each n ∈ ω, {B(k,∞n): k ∈N}
be a local base at ∞n . Without loss of generality assume that for each n ∈ ω, B(1,∞n) = Xn . Then
f = {(n,<∗ −min(Xn\B(1,∞n)
))
: n ∈ ω}
is a choice function for the family A. This is a contradiction ﬁnishing the proof of the theorem. 
From the proof of Theorem 6 we infer the following two results.
Corollary 7. ω-MC does not imply ((B) ⇒ (C)) in ZF0 .
Theorem 8. ((B) ⇒ (C)) implies the choice principle: Every family A = {Ai: i ∈ I} of countable linearly ordered sets has a choice
function. In particular, ((OP) + ((B) ⇒ (C))) implies AC(ℵ0).
Proof. The result can be proved as in the last paragraph of the proof of Theorem 6. 
Theorem 9. If ℵα is a regular aleph, then there exists a permutation model which satisﬁes DC(λ) for every inﬁnite cardinal λ < ℵα
and the negation of ((B) ⇒ (C)). Hence, DC does not imply ((B) ⇒ (C)) in ZF0 .
Proof. Fix an ordinal number α  1. The construction of the subsequent model is similar to the one in the proof of Theo-
rem 6. The set of atoms is the set A =⋃{An: n ∈ ℵα}, An = {an,x: x ∈Q}. The group G of permutations of A is the set of
all permutations on A which are a rational translation on each An . The normal ideal I of supports is the set of all subsets
E of A with |E| < ℵα . Let (N ,∈) be the resulting permutation model which is determined by G and I . As in the proof of
Theorem 4 one may verify that DC(λ) holds in N for every inﬁnite cardinal λ < ℵα , and as in the proof of Theorem 6 that
((B) ⇒ (C)) fails in the model N . 
Theorem 10.
(i) ((A) ⇒ (C)) implies ((B) ⇒ (C)).
(ii) ((A) ⇒ (C)) implies ((A) ⇒ (B)) and the implication is not reversible in ZF0 .
(iii) ((A) ⇒ (C)) implies the choice principle: Every family A = {Ai: i ∈ I} of separable conditionally complete linearly ordered sets
has a choice function.
(iv) If ℵα is a regular aleph, then there exists a permutation model which satisﬁes DC(λ) for every inﬁnite cardinal λ < ℵα and the
negation of ((A) ⇒ (C)). Hence, DC does not imply ((A) ⇒ (C)) in ZF0 .
Proof. (i) This follows from the fact that (B) ⇒ (A) and from our hypothesis.
(ii) The ﬁrst assertion follows from the fact that (C) ⇒ (B) and the second can be proved as in Theorem 6.
(iii) Fix a family A as in the statement of (iii). By (ii) and Theorem 3 we may assume that each Ai is a non-empty
countable set. By (i) and Proposition 5(ii), it follows that ((A) ⇒ (C)) implies MC(ℵ0). Hence, we may further assume
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of (iii).
(iv) This can be proved as in Theorem 9. 
3. Summary
1. ((A) ⇒ (B)) is not provable in ZF.
2. ((A) ⇒ (B)) implies the choice principle: For every family A = {Ai: i ∈ I} of separable conditionally complete linearly
ordered sets there exists a function f such that for each i ∈ I , f (i) is a non-empty countable subset of Ai .
3. ((A) ⇒ (B)) does not imply ((B) ⇒ (C)) in ZF0.
4. ω-MC does not imply ((B) ⇒ (C)) in ZF0.
5. ((B) ⇒ (C)) implies the choice principle: Every family A = {Ai: i ∈ I} of countable linearly ordered sets has a choice
function. In particular, ((OP) + ((B) ⇒ (C))) implies AC(ℵ0).
6. DC implies neither ((A) ⇒ (B)) nor ((B) ⇒ (C)) in ZF0.
7. None of ((A) ⇒ (B)) and ((B) ⇒ (C)) implies DC(κ), κ an aleph, in ZF0.
8. ((A) ⇒ (C)) implies ((B) ⇒ (C)).
9. ((A) ⇒ (C)) implies ((A) ⇒ (B)) and the implication is not reversible in ZF0.
10. ((A) ⇒ (C)) implies the choice principle: Every family A = {Ai: i ∈ I} of separable conditionally complete linearly
ordered sets has a choice function.
11. DC does not imply ((A) ⇒ (C)) in ZF0.
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